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Abstract—Grouplet transform(GT) can take advantage of the 

image’s geometry structure since the bases of Grouplet can 

adapt the different geometry structure in different scales. The 

association fields that calculate by The Block Matching 

algorithm which cannot adaptive to different textures cannot 

follow the turbulent texture contained in an image. Grouplet 

transform based on Streamline (GTS) introduced streamline 

to improve the performance of represent of turbulent texture. 

The starting pixel selected for association fields pruning was 

arbitrary, and one flow will prune to several flows that would 

destroy the original texture decreased the performance of 

Grouplet Transform. This paper proposed an advanced 

grouplet transform (AGT) that make use of the advantage of 

Greedy algorithm and Dynamic Programming algorithm in 

association fields pruning to ensure association fields well 

suited of the image’s texture structure. Experimental results 

show that the performance of image denoising by AGT-

threshold outperforms GT-threshold denoising method and 

GTS-threshold denoising method. 

Keywords- Grouplet transform; Stream; Greedy algorithm; 

Dynamic programming algorithm. 

I. INTRODUCTION

Nature images are decomposed of many areas that 
contained geometric structures. Figure 1 shows some 
examples of geometric structures contained in nature images. 
These geometric structures provide fundamental features for 
many problems in computer vision and image processing [1], 
and understanding how to represent complex geometric 
structures is the key to improve state of the image processing. 

Wavelet bases that can adapt the resolution of image 
approximations depending upon the local image regularity 
are particularly to represent images [2]. Since their square 
support is not adapted to directional geometric structures, 
wavelet bases are suboptimal to represent images that 
contain complex geometrical structures. GT was proposed 
by Mallat to represent complex geometric structures. In the 
spirit of the “Gestalt” psychophysic school[3]-[6], the 
geometry is constructed with grouping processes which 
define multiscale association fields[7]. GT was a new 
transform that it’s bases can adapt to geometric textures in 
directional scales, and it can make the most effective use of 
geometric structures. GTS introduced stream to calculate 
association fields and make a better performance than GT in 
represent images contain complex geometric structure. 

This paper introduces Greedy algorithm and Dynamic 
Programming algorithm in association fields pruning to 

ensure association fields well suited for images contain 
complex textures. Section II describes the coefficient layer 
computation of GT. Section III describes the association 
field layer computation of GT and introduces Greedy 
algorithm and Dynamic Programming algorithm in 
association field pruning. Applications are described in 
section IV to remove noise from images and restore more 
details than GT and GTS. 

II. GROUPLET COEFFICIENTS LAYER COMPUTATION

A. Forward decomposition  

Grouplet decompose an image F into multiscale 
difference coefficients and coarse scale average coefficients. 
We can get these coefficients from successive grouping and 
computation according to multiscale association fields. 
Suppose that F includes N samples. Define an ordering 

fuction ( )nα  that is compatible with the grouplet partial 

ordering. Invertible mapping ( )nα  associates to any integar 

Nn ≤≤1 , a point )(nm α= such that if )(nm α=  is 

before ( )p uα=  with respect to the grouplet partial 

ordering, then un < .  

Create a new array s[n] to store the support size of the 

averaging coefficients of image F. Initialize a F= ; 

, [ ] 1m F s m∀ ∈ = . F is decomposed into multiscale 

difference layers jF%  and coarse scale average layer FJ. Each 

scale normalized difference coefficients and average 
coefficients is 
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and the averaging size is update by adding the averaging 

size of the two averaged points: ˆ [ ] [ ]s s m s m= + % . At the 

coarsest scale 2J, the average coefficients are normalized: 

][][][ msmamaJ = . 

B. Backward decomposition 

Image can be reconstructed from it’s grouplet 
coefficients and association field.  
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The average coefficient normalization is then inverted: 
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J =∈∀ , each grouping operator is 

then inverted in the reverse order it was calculated. For j 
decreasing from J to 1 and for n going from N to 1: 
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A causal reconstruction recovers the average value at m~

from a coefficient located before m in equation (4). An anti-
causal reconstruction recovers the average value at m from a 
coefficient located after m in equation (5). Equal averaging 
weights on causal and anticausal reconstructions implement 
the pseudo-inverse in equation (6). The averaging size is 

then updated [ ]s m s= % . At the end of loop over all j and n, 

this left inverse reconstructs image F. 

III. GROUPLET ASSOCIATION FIELD LAYER

COMPUTATION 

For a giving image 
2F R∈ that has N n n= ×  pixels, 

we need to estimate the local texture orientation Γ . 
Geometric structures in a locally parallel texture do not have 
a specific direction, the local orientation we computed has 

two directions: )(xΓ  and )(xΓ− , both of them are equally 

suitable to represent the texture. 

A. Local Orientation Field Computation 

Image F’s local direction of the edges are captured by 

the vector v(x) that is orthogonal to the gradient xF∇ .  

( ) ,x

F F F F
v A i j i j x F

x y y x

⊥ ⊥∂ ∂ ∂ ∂
= ∇ = + = − + ∀ ∈

∂ ∂ ∂ ∂
(7) 

Vector v(x) is suitable to represent the direction of step 
edges in images, but it cannot be used directly to represent 
the orientation of locally parallel textures, since it vanishes 
at the top of ridges or at the bottom of valleys. This problem 
can be alleviated by pooling locally the orientation 
information, The local non-linear pooling corresponds to a 
local covariance analysis, summing the outer products of 
gradient vectors in a local region to generate a tensor field[9]-

[11]. Specially, the structure tensor 
0fT  is defined as a local 

averaging of the rank-1 tensor field 
Tvv : 

2
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where 
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convolution is applied on each component of the tensor. 
Figure 3 shows some tensor field of images. 

Each symmetric tensor TF (x) is decomposed as a sum of 
two rank-1 tensors: 

( ) ( )( ( ) ( ) ) ( )( ( ) ( ) )T T

F xT x x x x x xλ λ⊥ ⊥ ⊥= Γ Γ + Γ Γ   (9) 

Where the eigenvalues of 0)()( ≥≥ ⊥ xx λλ  and 

( ))(,)( xx ⊥ΓΓ  are the corresponding orthogonal 

eigenvectors. The dominant eigenvector )(xΓ  indicates the 

local direction of the texture. 

B. Local Directional Vector Field Computation 

The orientation field )(xΓ  is used to describe the 

geometry texture of an image. It is necessary to find a 

smooth directional vector field )()()(
~

xxx Γ=Γ ε , where 

}1,1{)( +−∈xε . In general it is not possible to find a 

globally smooth vector field Γ
~

 in the sense of topological 
incompatibilities. However we can find a suitable vector 
field outside the set of structural singularities [2] which are 

given by the set of separatrices )(ΓS . 

Each separatrix link together two umbilic points of Γ  is 

a stream line γ  that parallel toΓ : 

)())((,)(. tttt γγγ ′=Γ′∀                                     (10) 

The sign fieldε  is found by optimizing the smoothness 

of Γ=Γ ε
~

 outside )(ΓS . In the discrete setting, one solves 

the following minimization 
2
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where )(xVy∈  is a direct neighbor of a pixel x. 
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              (12) 

  In order for the equation (12) to be uniquely solvable, 

one needs to set additional constraints }1,1{)( +−∈xε  to 

R∈ε , where each pixel i iz C∈  belongs to a cell of the 

separatrices segmentation. 
 Equation (12) requires to solve a sparse linear system 

and the un-signed orientation field is then turned into a 
signed vector field that defines the local direction of the 
geometric: 

)())(()(
~

, xxsignxx Γ=Γ∀ ε                                (13) 
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C. Association Field Computation and Pruning 

After discretizing and pruning the local fieldΓ , we can 

get a set of association fields { } 1

0

L

l l
A

−

=
. At the scale 2l, each 

association field Al groups together two points 

( )lx y A x→ =  that are separated by a distance of 

approximately 2lx y− ≈ . Suppose that 

{ }( ) ( )x ly A x yψ = =  is the set of points y that are 

grouped by points x at scale 2l; 

{ }( ) ( ) , 1,x i l iz A z x i nζ = = = L  is the set of points zi

that grouping points x at scale 2l; select a point zi that has the 

most times be grouped in the set, signed it ( )max xζ .  

It is important to note that our construction of the 
association field differs from the ones of [12] and [13], and 
the construction of the association field of [12] is based on a 
fixed directional ordering of the grid points, that forbids an 
arbitrary association field, that is not well suited to process 
turbulent textures. Literature [13] introduced streamline to 
construct association field, it can adapt estimates the 
geometric flow of the texture and represent efficiently the 
texture of image. However in the process of association field 
pruning, the selection of original starting point is arbitary, it 
may break off one streamline to several streamlines. In this 
paper, we take the advantage of Greedy algorithm and 
Dynamic Programming algorithm[14] in association fields 
pruning to ensure the starting point is the original starting 
point and prevent prune one streamline to several 
streamlines, it is better suited the texture than the ones in [12] 
and [13]. 

  The directional vector field Γ%  computed in section III-
B serves as a seed for the following linear differential flow: 

( ( )), 0, , (0)
x

x
t x

d
x t x

dt
ϕ

ϕ
ϕ∀ ∀ > = Γ =%                       (14) 

Interpolate the field to solve numerically this ordinary 

differential equation. Each integral curve ( 0){ ( )}x ttϕ >

follows the vector field Γ%  and is also a flow line ofΓ . A 

raw discrete association field 
0

l
A  at various scales l is 

gotten by sampling this integral curve at dyadic locations: 
0 2, ( ) [ (2 )] {0, , 1}
l

l

x n nx A x nϕ ×∀ = ∈ −K                 (15) 

where [ ]n n×⋅  is the rounding operator that projects the 

points on the sampling grid 
2{0, , 1}n −K .  

  Starting from this row association field, one computes a 
1D ordering of the grid points  

2:{0, , 1} {0, , 1}lV n N− → −K K , where 
2N n= , that 

orders the points for the computation of the GT. For each l, 
the ordering Vl tries as much as possible to be coherent with 

the associations created by 
0

l
A , and looks for a pruned 

association field Al closed to the raw field together with an 

ordering Vl that satisfies 

, ( ) ( ( )) ( )l l l lx A x x V A x V x∀ ≠ ⇒ < . Excepted at a 

few singular points where ( )lA x x= , the association field 

lA  links points with increasing values of the ordering 

function Vl. The hybrid algorithm with the advantage of 
Greedy algorithm and Dynamic Programming algorithm to 
prune a raw association field is 

Input: raw association field 
0

l
A . 

Output: pruned association field Al and coherent 
ordering Vl. 

1)     Initialization: 
0; 100000; 0; , ( ) 1l l lA A j k x V x= = = ∀ = − . For each x, 

build the father list ( )xψ  and son list ( )xζ . 

2) Select a point: choose some x satisfyied 

( ) 1lV x = − ; 

3)    Initialize lW V= , if ( )( ) 0xW ψ < , do 

          ( ) , ( )lA x x w x j← ← . 

4)    Search original starting point:  

initialize the pool: { }P x= . 

 if , ( ) 0P xξ≠ ∅ < , do 

extract x P∈ , remove /P P x← ;  

set: ( )max xP ζ← ; 1j j← − , ( )W z j← . 

5) stop : if ( ) 0lW z < =∅  , return x; goto 6). 

6) Set up the ordering:  

initialize the pool: { }, ( )lP x V x k= ←%

if ( ( )) 0lV xψ < , do 

1, ( ( ))lk k V x kψ← + ← ; remove x: /P P x← ;  

set: P y← . 

7) Stop: if 0 ( ( )) ( )l lV x V xψ≤ <  goto 2). 

8)    Prune the flow: : ( ( )) ( )l lfor all x V x V xψ > ,  

do ( )lA x x← . 

The value of j at step 1) depends upon the total number 
of pixels in the image that we used in our experiment. The 

size of image is 128 128× , we set j to 100000 that bigger 

than 128 128×  to ensure we can find the original starting 

point, we build the father list and son list of x to search the 
original starting point of the flow that contain pixel x. The 
hybrid algorithm with the advantage of Greedy algorithm 
and Dynamic Programming algorithm was used to search 
the original starting point of one flow at step 2) to 5), and 
Step 4) ensures each flow we find is the longest one of all. 
Step 5) ensure we find the original starting point, then go to 
step 6) to prune this flow. The follow is pruning over if 
conditions satisfy step 7), then go to step 2) to prune other 
flows. At the end of this loop, all the flows have been pruned 
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and formed the pruned association field lA  and coherent 

ordering lV . 

IV. EXPERIMENTAL RESULTS AND

CONCLUSIONS 

We experiment with the image Fig. 1. (a) shows that 

contains rich textures which size was 128 128× . The 
image was decomposed by GT, GTS and AGT and AGT, 
searching for one of these association fields that are most 
suitable with the original texture, then add additive Gauss 
noise to the original image and denoised with hard-threshold 
method, compared the performance of GT, GTS and AGT in 
denoising application[15]. The threshold 

2( ) /n xT rα σ σ= ×
, where nσ

 is noise standard deviation, 

xσ
 is signal standard deviation, r is a controllable parameter. 

The denoising effect is perfect when we set the value of r to 
about 3.3, which has been validated by many times 
experiments. 

Figure 4 shows the associations fields of image that 
transform by GT, GTS and AGT. The follows are 
conclusions from the experimental results: 

1)   As shown by Fig. 4. (d), the association field 
transformed by GT is well suited the horizontal direction 
textures of image, cannot well suited the vertical direction 
textures, especially for the regions that contain turbulent 
textures. 

2)   The association field transformed by GTS well 
suited not only the horizontal direction textures but also the 
vertical direction textures in the regions that contain 
turbulent textures, as shown by Fig. 4. (e). However one 
flow disjoins into too many flows and destroyed the texture 
structure of image. 

3)   The association field transformed by AGT has a 
better perform on represent the textures of image than GT 
and GTS, especially for the for the regions that contain 
abundance textures. The representation of texture is more 
flexible than GTS since we avoid disjoin one flow to several 
flows, as shown by Fig. 4. (f). 

  Figure 5 shows the image that transformed by GT, GTS 
and AGT, then denoised by hard threshold. The PSNR of 
noised image is 18.5 dB, as shown by Fig. 5. (b). The 
follows are conclusions from the experimental results: 

1)   The PSNR of image that transformed by GT and 
denoised by hard threshold is 23.4 dB, and has about 5 dB 
advance compare to noised image. The denoising effect is 
obviously and attests the potential of GT in image deonising 
application. However the denoised image loses many 
textures of original image, since the computation of 
association field can’t adapt the structure of image, as shown 
in Fig. 5. (c).  

2)   The PSNR of image that transformed by GTS and 
denoised by hard threshold is 24.7 dB, and has about 1.3 dB 
advance compare to GT-threshold denoising, and the lose of 
textures is less than GT-threshold denoising, as shown in Fig. 

5. (d). This owed to the introduce of flow to the computation 
to association field. 

3)   The PSNR of image that transformed by AGT and 
denoised by hard threshold is 26.2 dB, and has about 1.5 dB 
advance compare to GTS-threshold denoising, and the lose 
of textures is the least one of all denoising methods im this 
paper, as shown in Fig. 5. (e). Form the comparison of the 
region in (c), (d) and (e) that correspond to the region in the 
red rectangle in Fig. 5. (a), we can see that the AGT-
threshold denoising method can preserve more details than 
other methods used in this paper. 

In this paper, we improved the computation of 
association field by introducing Greedy algorithm and 
Dynamic Programming algorithm in the pruning of 
association fields to avoid disjoin one flow to several flows. 
The results of numerical experiments show that the 
representation of image improved by this paper better suited 
the textures than GT and GTS. We proposed a novel 
denoising method based on AGT for grometrical image, and 
compared with GT-threshold and GTS-threshold, the results 
show that the PSNR of image denoised by AGT-threshold is 
obviously improved in comparison with other methods, and 
preserve more textures than other methods.  

The AGT, a fast transform and provide sparse 
representation of directional textures, will be applied widely 
in the future, such as image inpainting, SAR image 
denoising, medical imaging, image enhancement, image 
compression based on texture, image analysis and so on. 
How to use it to image processing application widely will be 
the emphasis of our research in the future. 
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(a)                             (b)                            (c)       

 (d)                             (e)                            (f) 

Figure 1.  Geometric structure of nature images.

Fig. 2.  Grouplet decomposition of composes of association field 

layer computation and coefficient layer computation. 

  
(a)                                   (b)                         (c)

Fig. 3.  Structure tensor field Tf0.

  
(a)                                  (b)                                    (c)

(d)                                         ( e) 

Fig. 5.  Denoise results (a) Original image; (b) Noised Image 

(PSNR=18.5dB); (c) Denoised Image by GT-threshold (PSNR=23.4dB)�

(d) Denoised Image by GTS-threshold (PSNR=24.7dB);  (e) Denoised 

Image by AGT-threshold (PSNR=26.2dB). 

(a)                                       (b)                                  (c) 

(d)                                            (e)                                  (f) 

Fig. 4.  Association fields of image. (a) Association field of image 

transform by GT; (b) Association field of image transform by GTS; (c) 

Association field of image transform by AGT; (d), (e),(f) is the area that 

shown in red rectangle of (a), (b), (c) separately. 
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